This paper describes the time evolution of bubbles generated by underwater electrical discharges. The oscillations of these high-temperature vapor and plasma bubbles generate acoustic signatures similar to the signatures generated by air guns, underwater explosions, and combustible sources. A set of model equations is developed that allows the time evolution of the bubble generated by a spark discharge to be calculated numerically from a given power input. The acoustic signatures produced by the model were compared to previously recorded experimental data, and the model was found to agree over wide ranges of energy and ambient pressure on several characteristic values of the acoustic signatures. The bubble period in particular matched very well between model and experiment, indicating that the total energy losses predicted by the model over the oscillation of the bubble were approximately correct, although no reliable information was gained about the relative magnitudes of the individual energy loss mechanisms examined. The bubble period and the minimum rarefaction pressure were found to depend on depth, while the peak pressures in the expansion and collapse pulses and the acoustic energy in the expansion pulse were not found to depend on depth over the parameter ranges investigated.
INTRODUCTION
The underwater spark discharge creates a high-pressure plasma/vapor bubble in water, and the expansion and collapse of this bubble generate an acoustic signature similar to the signatures generated by air guns, underwater explosions, and combustible sources. [1] [2] [3] These hydrodynamic sources ͑including the spark discharge͒ radiate sound by creating a bubble in a body of water. Underwater spark discharges have been used as active sources in such roles as sub-bottom profiling, performing many of the same tasks as the other hydrodynamic sources. [4] [5] [6] [7] A set of model equations that describes the time evolution of the bubble generated by a spark discharge is given in this paper. Although this model was developed specifically for spark discharge bubbles, the time evolution of any of the hydrodynamic sources could be investigated using this model with appropriate choices of parameters, as the model is essentially a thermal impulse model.
A very simple diagram of a typical spark discharge system is shown in Fig. 1 . A high voltage source is used to charge a capacitor that is isolated from the electrodes. After the capacitor is charged, a switch ͑ignitron tube͒ is closed and the voltage appears across the electrode gap underwater. The dielectric in this gap ͑water͒ breaks down after a period of time referred to as the breakdown time, and an arc is formed. The measured electrical characteristics ͑voltage and current͒ of a typical small discharge are shown in Fig. 2 . Photographs in the literature show that plasma fills the bubble in the early stages, then retreats to the center of the bubble as the bubble expands and cools. 8 
I. ACOUSTIC SIGNATURE OF A SPARK-GENERATED BUBBLE
The acoustic signature produced by the electrical discharge shown in Fig. 2 is plotted in Fig. 3 , and a modeled bubble radius is overlaid with the acoustic signature. Several parts of the acoustic signature are labeled in Fig. 3 . The expansion pulse is a positive pressure pulse radiated as the bubble expands and cools. The radiated acoustic energy in this first pulse was found to be a useful descriptive quantity for spark-generated bubbles. The acoustic energy radiated can be calculated from the pressure signature and the particle velocity. 9 For a spherically spreading wave, the particle velocity is not generally in phase with the pressure. If kr is large, however, the acoustic energy (E acoustic ) is given approximately by
where p ϱ , ϱ , and c ϱ are the ambient pressure, density, and speed of sound, and p(r,t) is the liquid pressure. The rarefaction pulse is the negative overpressure part of the signature radiated while the bubble is large. It is responsible for the low-frequency acoustic radiation from the bubble. The pressure inside the bubble at its maximum radius is small compared to the ambient static pressure and the bubble is This energy is the total energy for the empty cavity. If the cavity was created by an electrical discharge, the energy delivered by that discharge (E discharge ) is related to the energy in the cavity by the hydraulic efficiency (⑀ hyd ) of the discharge: 10 ⑀ hyd ϭE/E discharge . ͑3͒
The bubble collapses, and the pressure inside the bubble increases until the pressure inside the bubble becomes sufficiently high to arrest the collapse. High-speed photographs show that this process is often very violent and unstable. The positive pressure pulse radiated at this time is referred to as the collapse pulse. Because of the violent nature of the collapse, multiple peaks near the time of the collapse are not unusual in the measured signatures. The time between the collapse pulse and expansion pulse pressure peaks defines the bubble period. This period can be used to estimate the total energy in the bubble. The collapse time ( collapse ) of an empty cavity of radius R max in an infinite liquid was calculated by Lord Rayleigh as 8, 11, 12 
͑4͒
Assuming that for spark-generated bubbles the expansion phase is the mirror image of the collapse phase, the total period of oscillation ͑, the bubble period͒ is given by
.
͑5͒
This equation for the bubble period can be written in terms of the total energy in the bubble. Using Eqs. ͑2͒ and ͑3͒, Eq. ͑5͒ can be written as
͑6͒
This expression for the bubble period is useful for gauging the behavior of spark bubbles. Although this expression was derived for an empty cavity, it also approximates the bubble period for a bubble filled with water vapor. A calculation has been done 13 for a gas-filled bubble, and the result is that
where P 0 is the initial pressure in the gas and collapse is given by Eq. ͑4͒. This expression probably overestimates the correction because some of the vapor will condense against the bubble wall. Because the vapor pressure is typically only about 1% of the ambient pressure in the experiments performed, the bubble period shift from this effect is expected to be about 1%. The standard deviation on the bubble periods in the experiments performed was about 3%. In this case, it does not appear that a correction to the bubble period calculated from the Rayleigh calculation is necessary, except that the discharge energy should be multiplied by an efficiency (⑀ hyd ) that is dependent on the electrical discharge system. The data taken in previous experiments with spark-generated bubbles tend to confirm this choice, 14, 15 although it has been reported 16 that spark-generated bubbles do not obey Eq. ͑6͒.
II. MODEL OVERVIEW
A robust model that described the behavior ͑especially the acoustic signature͒ of a single isolated spark-generated bubble was desired. For this application, the match between the experimental and model signatures was most important, and an ab initio calculation of all aspects of the model was not necessary. Data from previous single spark discharge experiments conducted at Applied Research Laboratories, The University of Texas at Austin ͑ARL:UT͒, were available and allowed the development of a comprehensive model. This model describes the large amplitude radial oscillations of an isolated spherical bubble containing water vapor and plasma. The dynamical equations describing the oscillations are second-order nonlinear differential equations, so a closed- form solution of the equations was not possible. Instead, the equations governing the dynamics of the bubble were numerically integrated, using a published fourth-order RungeKutta routine. 17 The bubbles created by spark discharges share many characteristics with cavitation bubbles, because they are essentially vapor bubbles, without any noncondensable gas inside. Many papers have been published describing the dynamics of single isolated gas bubbles and cavitation bubbles in a compressible liquid. The papers of Herring 18 and Trilling 19 discuss gas bubbles in a compressible liquid, as do those of Gilmore 20 and Flynn. 21 An interesting discussion was published by Lastman and Wentzell, 22 28 The equations developed for this last model are the ones used here in this paper.
It was assumed that the contents of the spark-generated bubble were homogeneous and in thermodynamic equilibrium. It was also assumed that the contents obeyed the ideal gas law, with modifications to allow for changes in the equation of state as the water vapor inside the bubble became dissociated. These modifications were necessary because of the high temperatures reached inside the bubble during the spark discharge. [29] [30] [31] [32] These temperatures indicated that thermal radiation might play an important role in the energy transport out of the bubble. The emissivity of the bubble contents was determined approximately by using a frequency-averaged mean-free path inside the bubble. The attenuation properties of water as a function of wavelength were used to determine an approximate radiative transfer from the bubble. Besides providing for a heat loss, electromagnetic radiation deposited near the bubble wall was assumed to bring mass into the bubble. Mass flow from evaporation and condensation is modeled according to the kinetic theory equation for mass flow developed by Schrage 33 in 1953. Indications in the literature 23, [34] [35] [36] [37] were that the finite rate of condensation and evaporation affects the dynamics of cavitation vapor bubbles, so a nonequilibrium model describing the exchange of mass between the bubble and surrounding liquid was included. One effect not included was the thermal conductivity of heat into the liquid. For transient vapor bubbles such as the ones examined here, thermal conductivity is not generally an important effect. 18, 34 
III. BUBBLE DYNAMICS
The equations of bubble dynamics used for the modeling were the set of equations developed by Prosperetti in 1986 and 1987. 27,28 These equations were developed as perturbation solutions of the partial differential equations governing motion in a compressible liquid. This approach was a more rigorous extension of the mathematical formulation proposed and developed by Keller and several others. 2, 25, 38 The two papers by Lezzi and Prosperetti developed approximate equations of motion for the bubble radius to first and second order in the bubble wall mach number. In their paper, they also gave an interesting discussion regarding the equivalence of the large number of bubble dynamics equation available in the literature. In particular, the equations developed were not unique. Instead, a one-parameter family of equations of motion for the bubble wall was found to exist at first order, and a two-parameter family was found at second order. An important part of developing an equation of bubble dynamics was determining the parameters in these equations. This was accomplished by comparing the solutions of the equations to the numerical results obtained by solving the complete partial differential equations by the method of characteristics. Forms of the first-and secondorder equations that agreed most closely with this exact solution were given in the conclusion of the second paper by Lezzi 
͑8͒
The overdots denote derivatives with respect to time, and h B is the specific enthalpy at the bubble wall. The term p v (x i ,t) was introduced to represent the variable part of the liquid pressure at the center of the bubble in the absence of the bubble, and this term vanishes for an isolated bubble. This first-order equation was determined by Lezzi and Prosperetti to be valid up to bubble wall Mach numbers of about 0.5. Unless the Mach number exceeds this value, or the pressure inside the bubble exceeds about 5000 times the undisturbed value in the liquid, it should give good results. This equation is written explicitly in terms of the specific enthalpy (h), which is defined as 20 hϭ ͵ p ϱ p dp . ͑9͒
This expression actually gives the enthalpy difference between the liquid at pressure p and the liquid at pressure p ϱ , and is consistent with an assumption of isentropic motion in the liquid. 26 The sound speed is then defined as dp d
With this definition and the one given for the liquid enthalpy, a Taylor series expansion of the liquid enthalpy around ϱ and c ϱ can be performed:
This equation is integrated simultaneously with the equations describing the interior of the bubble ͑derived in the next section͒ to find the time evolution of the bubble radius and the bubble wall velocity. 
where the sound speed in the undisturbed liquid (c ϱ 2 ) can now be given by
The specific enthalpy in the liquid is given by
and the liquid pressure at the bubble wall is given by
where the surface tension ͑͒ and viscosity ͑͒ terms have been retained. These terms were dropped in the equation of bubble dynamics. This is because the equation of dynamics is dominated by times when either the bubble is large or the pressure is large and these terms are always negligible. In the liquid pressure equation these terms may not be negligible for small bubbles. 26 The specific enthalpy at the bubble wall (h B ) is found by evaluating the specific enthalpy at the bubble wall liquid pressure:
͑17͒
The equation for the specific enthalpy at the bubble wall can be used to find an expression for ḣ B in terms of the other variables:
͑18͒
The expression for ṗ B is found by taking the time derivative of Eq. ͑16͒:
The dynamical equations were examined to determine what modifications might be made to the movement of the bubble wall as a result of the movement of the bubble boundary due to mass flow. A comparison of the terms in these equations was made to determine whether or not the additional complications in the dynamical equations were warranted for the regimes examined. It was determined that the additional terms due to mass flow were of lower magnitude than the errors in the estimates that were made in other parts of the model, and they were neglected. These terms were included in a bubble collapse study performed by Fujikawa and Akamatsu. 23 
IV. THERMAL RADIATION
The radiation from low-pressure gas discharges generally consists of spectral lines from atomic electronic transitions, bremsstrahlung, and continuous recombination radiation. As the pressure increases, the spectral lines broaden and the portion of the radiation due to recombination increases so that the radiation becomes continuous. Based on the experimental evidence, 29, 30 the spark-generated bubble might be expected to radiate with the spectra distribution of a blackbody, if the internal pressure is greater than about 20 MPa. If a thermal distribution is to be established, the contents of the bubble must be in equilibrium, and the photon mean free path must be small compared to the size of the bubble.
If the bubble is assumed to radiate as a homogeneous spherical radiator, then the thermal radiation from the bubble (F T ) is given as a function of temperature (T), bubble radius (R), and emissivity ͑⑀͒ by the Stefan-Boltzmann law in terms of the spectral flux ͓⌽(,T)͔, where is the wavelength, and BB is the Stefan-Boltzmann constant:
In this equation, the factors ⑀ water and ⑀ sphere are the emissivities of the water and the spherical bubble, while ⑀ is the total emissivity, f BB is the specific blackbody radiation, and T ϱ is the ambient temperature in the undisturbed liquid. The absorption ͑and therefore the emissivity͒ has been calculated 41 for a spherical radiator of radius R and is given as
where l() is the frequency-dependent photon mean free path, and R is the radius of the sphere. Using the emissivity in this form requires an integration over frequency at each time step. Instead of performing this integration, the frequency-dependent photon mean free path was replaced by a frequency-averaged mean free path. A frequencydependent weighting was chosen to calculate the average mean free path. An analysis was performed on the output from the model before the thermal radiation part of the model was implemented to determine what effects the radiation might have in the model, and what portions of the acoustic signature it might affect. Equations are available in the literature to calculate the mean free path as a function of the thermodynamic variables in the bubble. When the mean free path is very small compared to the size of the bubble, the bubble is considered optically thick, and when the mean free path is very large compared to the size of the bubble, the bubble is considered optically thin. 42 An inspection of the mean-free path at several points in the bubble evolution indicated that it varied over several orders of magnitude. The bubble was found to be optically thick when the bubble radius was small and the temperature high. Because of the strong temperature dependence in the Stefan-Boltzmann law, almost all of the thermal radiation is radiated at these same times. The restrictions outlined above also require an optically thick body for the assumption of a blackbody radiation spectrum to be valid. This preliminary analysis indicated that a frequency weighting assuming an optically thick body would be appropriate. The Rosseland weighting assumes an optically thick body, and gives the following average photon mean free path (l R ):
where m w is the mass of a water molecule, I is the first ionization energy of each of the atomic species, C is a constant, and k B is Boltzmann's constant. The emissivity of a spherical radiator is then given approximately by
V. MASS FLOW
The mass flow into the bubble is composed of two portions, which are assumed to operate independently and simultaneously. There is a mass influx from the heating of the water outside the bubble wall by the absorption of the thermal radiation (ṁ T ), and there is a mass exchange from molecules of water vapor colliding with the bubble wall and condensing (ṁ C ). The total specific mass flow (ṁ ) is the sum of these two mass flows:
It is related to the total mass flow (Ṁ ) by the relation:
It is assumed that thermal radiation will bring mass into the bubble by depositing a portion of the total radiated power near the bubble wall. This radiation will heat the surrounding water, changing it to water vapor that will find its way into the bubble. This vapor is assumed to come into the bubble at the evaporation temperature. The amount of mass brought into the bubble depends on how much heat is deposited in the water near the bubble. Energy deposited far from the bubble will probably not contribute significantly to bringing mass into the bubble. To capture this feature, a fixed dissipation length was chosen for the radiation. Energy deposited beyond a given dissipation length was assumed lost to the surrounding water by the bubble contents in the energy balance equations. The proportion of the radiation dissipated is a complicated function ͑⌸͒ of the layer thickness (x) and bubble temperature (T). An exact determination of ⌸(x,T) requires a consideration of the absorption coefficient, which varies over many orders of magnitude over the frequency range of interest. 43 Rather than trying to determine the exact proportion of the radiation dissipated, an approximate method was used to compile a table from which estimated values of this function could be interpolated. The table was constructed for temperatures (T) ranging from 100 to 100 000°K, and for dissipation lengths (x) ranging from 1 to 100 000 Å. The details of the method are described elsewhere, 44 and the results for ⌸(x,T) are shown in Fig. 4 . Experimental work performed by Robinson 32 indicated that about 30% of the radiation would be trapped near the surface of the bubble, based on the portion of the radiation in the ultraviolet band.
The mass flow into the bubble as a result of thermal radiation is determined by assuming that the radiation heats water through the phase transition to water vapor, requiring a total specific energy
where c pw is the specific heat capacity for water, T E is the evaporation temperature, T ϱ is the ambient temperature, and L is the mean heat of evaporation. Because the absorption and emissivity of the water vapor is very low when the vapor is cold, it is unlikely that the radiation contributes strongly to heating the vapor. The expression for the specific mass flow from evaporation by heating via thermal radiation is then given as
where the emissivity ͑⑀͒ and specific blackbody radiation ( f BB ) are as defined in Sec. IV. The evaporation temperature, T E , is calculated from the following:
where g(␣) is a function describing the effects of dissociation, and is described more fully in Sec. VI. R is the ratio of specific heats, p 0 is a constant associated with the equilibrium vapor pressure, and p ϱ is the ambient liquid pressure. The factor ⌸(x,T) given in Eq. ͑32͒ gives the percentage of the total power radiated that brings mass into the bubble. The rest of the radiation is presumed to be radiated far away from the bubble. The heat loss from the bubble as a result of thermal radiation (q T ) is therefore
The portion of the thermal radiation that brings mass back into the bubble is not actually lost, since the mass that comes into the bubble has been heated from the ambient temperature up through the phase change. The energy required for this heating is returned to the bubble when the mass enters the bubble. The specific mass flow as a result of condensation is given by the kinetic theory equation for mass flow:
͑35͒
The equilibrium vapor pressure (p*) is calculated from
͑36͒
The accommodation coefficient (␣ M ) will be discussed in Sec. VI. It can take on values ranging from zero to unity. ⌫ is a correction factor which compensates for the net mass flow toward or away from the phase change interface, when the departure from equilibrium is assumed small. It describes the deviation of the velocity distribution from a Maxwellian distribution, and is equal to unity for equilibrium conditions. Equation ͑35͒ accounts for both evaporation and condensation, but the simulations indicate that for sparkgenerated bubbles condensation dominates over evaporation because of the high pressures, and the mass flow is predominantly out of the bubble. It reaches its most negative values when the bubble is small and pressures are high. This is also when the incoming mass flow from thermal radiation reaches its largest values, and it offsets much of the mass flow due to condensation. The mass flow from thermal radiation therefore negates much of the mass migration toward the boundary, and ⌫ was fixed at a value of unity in this study.
These expressions were developed for conditions near equilibrium, and the conditions in the bubble created by the spark discharge should be examined to determine if these equations will be strictly applicable. The contents of a vapor or gas bubble are generally considered to be in equilibrium if the bubble wall velocity is less than the speed of sound in the gas. 23 This corresponds to a bubble wall Mach number of about 0.3, assuming internal temperatures on the order of the ambient temperature. In fact, the internal temperatures are somewhat higher, which leads to a higher speed of sound in the gas. The bubble also contains some plasma, at least in the early stages of the bubble expansion. An analysis by Naugol'nykh and Roi 8 indicates that the bubble contents are very likely to be in equilibrium for this regime also. This study has assumed that the bubble contents are in equilibrium, and these two referenced works tend to support that assumption.
The bubble contents are assumed to supply the heat to bring water from the ambient temperature through the phase transition and up to the temperature of the bubble. The heat removed from the bubble to heat this incoming mass serves to quench the high temperatures inside the bubble. The heat flow required for the total mass flow quench (q M ) is given by the sum of two terms, one that describes the heating of the incoming water up through the phase change at the evaporation temperature (q Evap ), and one that describes the heating of the incoming vapor at constant pressure up to the temperature of the internal contents of the bubble (q p ):
This first term (q Evap ) is given by the product of the mass flow into the bubble (ṁ in ), and the specific thermal energy (E Thermal ), defined in Eq. ͑31͒:
FIG. 4. Proportion of radiation dissipated.
Here ⌰ is a unit step function utilized because heat is removed from the bubble when mass comes into the bubble, but is not added to the bubble when mass condenses on the bubble wall. This is because the heat in each case will flow to the coolest reservoir. The current model assumes that the thermal conductivity of the water is sufficiently large that the temperature does not increase near the bubble wall as a result of the condensation. In fact, the amount of mass flow out of the bubble predicted by the model indicates that this may be a poor approximation, and the temperature near the bubble wall probably does increase somewhat. The added heat would bring mass back into the bubble, either directly, as thermal radiation does, or through a modification to the equilibrium pressure and the liquid temperature in the mass flow equation. These assumptions should be considered when the results are compared to the experimental data available. The quench due to the heating and phase change of the water is given by
The quench due to the heating of the vapor is given by
The specific heat capacity (c p ) written in Eq. ͑40͒ is generally a function of temperature.
VI. CONSERVATION OF ENERGY
The contents of the spark-generated bubble have been assumed to be described by the pressure ( P) and temperature (T). The goal of this section is to develop equations for Ṗ and Ṫ that will be integrated simultaneously with the equation of bubble dynamics. To understand the relation between pressure, temperature, mass flow, and heat flow, some simplifying assumptions will be made for the internal contents of the bubble. These assumptions are the following:
͑1͒ The pressure and temperature inside the bubble are uniform. ͑2͒ The bubble contents obey some form of the ideal gas law. ͑3͒ The bubble is filled with water vapor only, which may be dissociated. ͑4͒ A single average ␣( P,T) gives the degree of dissociation.
The function ␣( P,T) will range from 0 ͑no dissociation͒ to 1 ͑full dissociation͒, and the number of molecules from a single water molecule will range from 1 to 3. The ideal gas law for water vapor then takes the form
PVϭM gRT, g͑␣͒ϭ1ϩ2␣. ͑41͒
This bulk-properties form of the ideal gas law, in terms of the gas pressure ( P), volume (V), mass (M ), and temperature (T), describes the varying constituents of the bubble, but still assumes the particles inside the bubble do not interact. The function g(␣) describes the number of molecules in the bubble per original water molecule, and serves here to account for the increase in pressure associated with dissociation. The energy of an ideal gas (U), allowing dissociation but neglecting ionization, is given by 8, 45 UϭM
where L dis is the mean heat of dissociation. It is obvious from the above that UϭU(M ,T,␣), but the independent variables in this equation can also be chosen so that UϭU(T,V,M ). Both of these formulations are useful here. The time derivative of this latter form of the ideal gas energy gives an energy balance equation:
Using the formulation of UϭU(M ,T,␣) given above ͓Eq. ͑42͔͒, expressions can be found for each of these differentials. Taking the time derivative of Eq. ͑42͒,
Taking the time derivative of the ideal gas law,
͑46͒
Equations ͑45͒ and ͑46͒ can be used to find an explicit expression for ␣ :
The function is introduced to make Eq. ͑47͒ more trac- 
The first law of thermodynamics for an open system gives another expression for the energy balance that describes the heat flow:
The mechanical power (Ẇ ) is given by
The heat added to the spark-generated bubble system will be assumed to take the following form:
The function ⍀ is the external delivered power per unit area, and will be discussed more in Sec. VII. The terms q BB and q M were defined in Eqs. ͑34͒ and ͑37͒. From Eqs. ͑43͒ and ͑52͒, an expression for the conservation of energy can be written:
This equation may be solved for Ṫ , with c v given by Eq. ͑49͒:
We may use Eqs. ͑46͒ and ͑47͒ to determine the equation for Ṗ :
With the volume and its derivatives written in terms of the radius, these equations take the final form:
͑59͒
These equations are the ones which are integrated simultaneously with the equation of bubble dynamics to give the time evolution of the spark-generated bubble.
Values for ␣ and the specific heat at constant pressure have been calculated numerically for the water vapor system over wide ranges of pressure and temperature, and the results were used to fit the following empirical functions to the calculated values:
See Table I for the constants used in these equations and throughout this paper. These functions are shown in Figs. 5 and 6 over typical ranges of pressure and temperature. Equation ͑61͒ for the average specific heat is then used in Eq. ͑40͒. With the form given for the dissociation ͓Eq. ͑60͔͒, expressions for the necessary differentials can be found:
͑66͒

VII. DISCHARGE PARAMETERS
Some parameters are needed to describe the energy and power delivered during the discharge. The energy delivered by the spark discharge was previously identified in Sec. I as E discharge . The power delivery as a function of time is determined by the circuit and the water/vapor environment of the developing bubble. A detailed study of the evolution of this complex system is beyond the scope of this paper. Instead, the actual power delivery curves will be approximated by functions that match the observed power delivery characteristics. The discharges in the sea tests 14 were nearly critically damped, and were approximated by the following function ⍀(t), first introduced in Eq. ͑54͒, with k ϭ 0.6: The function t * is the nondimensional discharge time:
A finite period of time will pass before the gap ''breaks down'' and the main discharge begins. This time is referred to as the breakdown time (t breakdown ), and typically ranges from about 50 to 500 ms. The total discharge time is identified as discharge .
The constant P 0 in Eq. ͑67͒ is approximately the power amplitude, and is used as a fitting parameter for the discharge. Integration of Eq. ͑67͒ yields the following expression for the total energy delivered during the discharge:
VIII. INITIAL CONDITIONS
Initial conditions had to be chosen for the variables to be integrated in the model equations. Logical choices for the initial pressure ( P init ) and temperature (T init ) are the following:
where T E was previously given by Eq. ͑33͒. The initial volume is somewhat arbitrary, but some insight as to a reasonable choice can be gained by examining the discharge energy in Fig. 7 . It can be seen on the plot of discharge energy that a small portion of the energy is delivered to the cavity before the main discharge actually starts. This ''predischarge'' energy is typically only a small fraction of the total energy delivered to the bubble. Part of this predischarge energy will probably be lost, but part of it may also be responsible for initiating a small cavity. Even if a cavity is not actually create by this portion of the discharge, the liquid in the vicinity of the electrodes may be ''prepared'' for the main discharge. Regardless of the physical mechanism, a reasonable choice for the initial conditions is that the initial potential energy of the cavity is proportional to this predischarge energy. Further examination of the energy delivery characteristics of a number of shots over a range of energy shows that the fraction of the total energy delivered in this predischarge stage is roughly constant. This would mean that the initial potential energy of the cavity might then be proportional to the discharge energy:
The proportion of the discharge energy in the initial cavity potential energy is given by init . This choice gives good results in matching the data. Values tested for init ranged from about 0.05% to 0.3%.
IX. MODEL PARAMETERS
The preceding discussion outlines the model equations that will be integrated to determine the time evolution of spark-generated bubbles. Three fitting parameters were introduced and discussed.
͑1͒ ␣ M : The accommodation coefficient affects the mass flow resulting from collision and sticking in the model. This parameter describes the condition of the interface. A ''dirty'' interface interferes with mass transfer across the bubble boundary, and will result in a lower coefficient.
͑2͒ x: The dissipation length is used in the radiation model to balance the mass flow as a result of heating from blackbody radiation against the radiation losses. A larger value of x will result in a larger portion of the radiation contributing to the mass flow, while a smaller value allows more radiation to escape from the bubble.
͑3͒ init : The proportion of the discharge energy in the initial cavity potential energy was discussed in Sec. III immediately preceding this one. It is used in Eq. ͑71͒ to determine the initial radius.
Model simulations were conducted using the equations developed for several values of three parameters identified, and the best values found are given below. In determining these parameters, characteristics of the model acoustic signatures were compared to characteristics of the measured acoustic signatures over the full ranges of energy and depth for which data were taken in the referenced paper. Characteristics examined for the purpose of determining the model parameters were the following: ͑1͒ Bubble period: ͑2͒ Radiated acoustic energy in the expansion pulse; and ͑3͒ Minimum rarefaction pressure.
These characteristics were identified in Fig. 3 , and were discussed in the Introduction. The complete parameter adjustment procedure has been given previously. 44 The following set of values resulted in a reasonable match between model and experiment:
␣ M ϭ0.005, xϭ20 Å, init ϭ0.001.
͑72͒
X. RESULTS
The acoustic signatures produced by the model were compared to experimental data previously recorded in the Gulf of Mexico by Rogers in 1990 . 14 The energy of the spark discharges ranged from about 4.5 to 68 kJ, and data were taken at electrode depths of 30.5, 55, and 74.5 m, Ϯ1 m. This is the most comprehensive set of data on spark bubbles known to be available over these ranges of energy and depth.
The model equations were integrated for each of the energies and depths at which data were taken. The output signatures were then compared to the data. Several of the experimental acoustic signatures representative of the data are plotted in Figs. 8, 9, 10, and 11, with the model acoustic signatures overlaid. The agreement between the model and experiment is reasonable over the ranges of energy and depth examined, although the experimental acoustic signatures are asymmetric in the negative part of the overpressure, while the model signatures are symmetric. The single bubble signatures recorded in lower-energy tests are symmetric, so it is possible that this asymmetry is an artifact of the measurement method.
A plot of the bubble period as a function of energy and depth is shown in Fig. 12 . The dependence of the model on depth and discharge energy is very similar to the dependence in the data. In particular, the hydraulic efficiency did increase slightly with depth, from about 29% at 30.5 m to about 32% at 74.5 m. This efficiency appeared to depend weakly on the discharge parameters. For example, a few of the data points in Fig. 12 were taken at similar energies but with different discharge times ͑identified in Fig. 12 as open symbols͒. The simple model Rogers used to examine the data failed to pick up the dependence of the bubble period on discharge time. Unfortunately, this model seems to do little better, despite its matching the bubble period dependence on depth and discharge energy, predicting only about a 1% decrease in the hydraulic efficiency, while the data show a decrease in efficiency of about 3%-7%.
The results found here are not universally accepted. The technical report written by Gibson 16 indicated that the pulsation time of spark-generated bubbles did not obey the energy scaling given by Eq. ͑6͒. This study considered spark discharge bubbles in water of varying temperatures, and found that for all temperatures, and especially for water near the boiling point, the scaling in Eq. ͑6͒ predicted a change in the bubble period as a function of energy that was too large. Those studies were based on the energy stored in the capacitor, and made no attempt to find the actual energy delivered to the cavity, but assumed that the energy delivered would be some fraction of the stored energy. Most discharge systems, however, deliver energy most efficiently in a narrow regime of discharge parameters, and the ratio of energy delivered to energy stored is rarely constant over a wide range of energy. The study by Rogers measured the energy delivered to the spark cavity at the discharge, removing any effect of the electrical discharge system on the energy measurements. This technique allows the electrical discharge characteristics and the production of a bubble by a given electrical discharge to be considered independently.
Plots of the peak pressures in the expansion and collapse pulses are shown in Figs. 13 and 14 , respectively. The data in these plots are somewhat more stochastic than the bubble periods, and exhibit no strong dependence on depth. The agreement between experiment and model is good for the initial peak, while the agreement is not as good for the collapse peak. A possible explanation for the poorer agreement on the collapse is the more violent nature of the collapse, during which the bubble often breaks apart before reaching the minimum radius. The minimum rarefaction pressure is plotted in Fig. 15 . The experimental and model data show a similar dependence on depth, although the values do not match exactly. The acoustic energy in the expansion pulse is plotted in Fig. 16 . As with the peak pressures, the acoustic energy does not exhibit a strong depth dependence, and the agreement is good between model and experiment.
Of the characteristics examined above, the bubble period and minimum negative pressure exhibited a measurable depth dependence, while the peak pressures and acoustic energy in the initial peak do not. The explanation for this is that the internal pressures in the bubble at the time of the initial expansion and at the collapse are 100-1000 times the ambient pressure, while the internal pressure at the time of the minimum negative pressure is only about 10% of the ambient pressure. The depth dependence of the bubble period is essentially the dependence predicted by Eq. ͑6͒, with the slight increase in the hydraulic efficiency mentioned above.
XI. CONCLUSIONS
The bubble period in particular matched very well between model and experiment, indicating that the total energy losses predicted by the model over the oscillation of the bubble were approximately correct, although no information is gained about the relative magnitudes of the individual energy loss mechanisms examined. The bubble period and the minimum rarefaction pressure are found to depend on depth, while the peak pressures in the expansion and collapse pulses and the acoustic energy in the expansion pulse are not found to depend on depth. The model developed in this paper provides a good description of several important features of spark-generated bubbles. The parameters determined allowed the model to predict the time evolution of the bubbles from a given class of similar discharges. The model did not, however, capture all of the subtleties of the internal dynamics, because it did not correctly calculate the acoustic signatures from the discharges with longer discharge times, despite picking up the shift in hydraulic efficiency with depth. Part of the problem may lie in the use of the parameterized discharges, and the use of sampled data for all of the discharges may have resulted in a better match. Further study is needed to determine how crucial the exact discharge characteristics are for the model. The predictions by the model of the other characteristics of the acoustic signature indicated that the model equations were a reasonable approximation to the gross features of the internal dynamics, and the model was useful in calculating these characteristics from a given discharge. Unfortunately, the ability of the model to significantly enhance the bubble period information available from Eq. ͑6͒ is somewhat questionable, because the scaling of the bubble period with energy is given very closely by that equation.
The data presented in this paper support statements characterizing single spark-generated bubbles, and describe the nature of the interaction between multiple elements. The model developed is found to predict for a single sparkgenerated bubble a time evolution in good agreement with the experimentally measured signatures. The single sparkgenerated bubbles were found to have a bubble period consistent with accepted laws for cavitation bubbles, when an allowance was made for some energy loss between the electrical discharge energy and the total energy of the bubble. The model failed to capture the subtle differences between discharges of similar energies but different discharge times. Both experimental and model data on the characteristics of the discharge were found to agree with theoretical studies of single spark-generated bubbles in the literature. Predictions by the model of temperatures reached during the discharge were in reasonable agreement with measurements made of the temperatures of bubbles created under similar experimental conditions.
